In this paper, quasi-variational inclusions and fixed point problems of pseudocontractions are considered. An iterative algorithm is presented. A strong convergence theorem is demonstrated. MSC: 49J40; 47J20; 47H09; 65J15
Introduction
Let C be a nonempty closed convex subset of a real Hilbert space H. then the variational inclusion problem (.) is equivalent to finding u ∈ C such that
This problem is called the Hartman-Stampacchia variational inequality (see [] ). Let T : C → C be a nonlinear mapping. The iterative scheme of Mann's type for approximating fixed points of T is the following: x  ∈ C and
for all n ≥ , where {α n } is a sequence in [, ]; see [] . For two nonlinear mappings S and T, Takahashi and Tamura [] considered the following iteration procedure: x  ∈ C and Let x  = x ∈ C and let {x n } ⊂ C be a sequence generated by
for all n ≥ , where {λ n } ⊂ (, α), {α n } ⊂ (, ) and {β n } ⊂ (, ) satisfy
Recently, Zhang et al.
[] introduced a new iterative scheme for finding a common element of the set of solutions to the inclusion problem and the set of fixed points of nonexpansive mappings in Hilbert spaces. Peng et al. [] introduced another iterative scheme by the viscosity approximate method for finding a common element of the set of solutions of a variational inclusion with set-valued maximal monotone mapping and inverse strongly monotone mappings, the set of solutions of an equilibrium problem, and the set of fixed points of a nonexpansive mapping.
Motivated and inspired by the works in this field, the purpose of this paper is to consider the quasi-variational inclusions and fixed point problems of pseudocontractions. An iterative algorithm is presented. A strong convergence theorem is demonstrated. http://www.fixedpointtheoryandapplications.com/content/2014/1/82
Notations and lemmas
Let H be a real Hilbert space with inner product · , · and norm · , respectively. Let C be a nonempty closed convex subset of H. It is well known that in a real Hilbert space H, the following equality holds:
for all x, y ∈ H and t ∈ [, ].
Recall that a mapping
Let B be a mapping of
A multi-valued mapping B is said to be a monotone operator on H iff
for all x, y ∈ dom(B), u ∈ Bx, and v ∈ By. A monotone operator B on H is said to be maximal iff its graph is not strictly contained in the graph of any other monotone operator on H. Let B be a maximal monotone operator on H and let
For a maximal monotone operator B on H and λ > , we may define a single-valued operator
, which is called the resolvent of B for λ. It is known that the resolvent J B λ is firmly nonexpansive, i.e.,
Usually, the convergence of fixed point algorithms requires some additional smoothness properties of the mapping T such as demi-closedness.
Recall that a mapping T is said to be demiclosed if, for any sequence {x n } which weakly converges tox, and if the sequence {T(x n )} strongly converges to z, then T(x) = z. For the pseudocontractions, the following demiclosed principle is well known. 
Lemma . ([]) Let H be a real Hilbert space, C a closed convex subset of H. Let U : C → C be a continuous pseudo-contractive mapping. Then
Then τ (n) → ∞ as n → ∞, and for all n ≥ N max{r τ (n) , r n } ≤ r τ (n)+ .
Lemma . ([])
Assume {a n } is a sequence of nonnegative real numbers such that
where {γ n } is a sequence in (, ) and {δ n } is a sequence such that
Then lim n→∞ a n = .
In the sequel we shall use the following notations: . ω w (u n ) = {x : ∃u n j → x weakly} denote the weak ω-limit set of {u n }; . u n x stands for the weak convergence of {u n } to x; . u n → x stands for the strong convergence of {u n } to x; . Fix(T) stands for the set of fixed points of T.
Main results
In this section, we consider a strong convergence theorem for quasi-variational inclusions and fixed point problems of pseudocontractive mappings in a Hilbert space. 
Then the sequence {x n } defined by (.) converges strongly to u = P (I -F + f )u.
It follows that
for all x ∈ C. Thus,
By (.), (.), and (.), we obtain
Noting that T is L  -Lipschitzian and z n -(( -ζ )I + ζ T)z n = ζ (z n -Tz n ), we have
Hence,
By (C) and (.), we obtain
Since F is L  -Lipschitzian and ς strongly monotone, we have
Noting that L  ≥ ς and lim n→∞ β n = , without loss of generality, we assume that
We have from (.), (.), and (.)
From (.) and (.), we have
By the definition of x n , we have
, it follows from (.), (.), and (.) that
By (.), we obtain
Combining (.) and (.) to deduce
Hence, we obtain
It follows that, hence, we obtain
Next we divide our proof into two possible cases. Note that
So, 
Therefore,
Since J B λ is firmly nonexpansive and A is monotone, we have
By (.) and (.), we deduce
Therefore, z n -x n  ≤ x n -x *  -y n -x *  + λ z n -x n Ax n -Ax * ≤ x n -y n x n -x * + y n -x * + λ z n -x n Ax n -Ax Notice that F -f is (ς -ρ) strongly monotone. Thus, the variational inequality of finding y ∈ such that (F -f )y, x -y ≥  for all x ∈ has a unique solution, denoted by x * , that is, x * = P (I -V + F)(x * ). Next, we prove that
Since u n is bounded, without loss of generality, we assume that there exists a subsequence {z n i } of {u n } such that u n i x for somex ∈ H and
Thus, we have that x n i x and Next we show thatx ∈ Fix(T). First, we show that Fix(T) = Fix(T(( -ζ )I + ζ T)). As a matter of fact, Fix(T) ⊂ Fix(T(( -ζ )I + ζ T)) is obvious. Next, we show that Fix(T(( -ζ )I + ζ T)) ⊂ Fix(T).
Take any x * ∈ Fix(T(( -ζ )I + ζ T)). We have T(( -ζ )I + ζ T)x * = x * . Set S = (-ζ )I + ζ T.
We have TSx * = x * . Write Sx * = y * . Then, Ty * = x * . Now we show x * = y * . In fact,
